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Aufgabe 1: Differentielle Inverse Kinematik

von Jo Teichmann
[Public domain], via 
Wikimedia Commons

von Nikola Smolenski
[CC BY-SA 2.5-2.0-1.0], via 
Wikimedia Commons

SCARA-Roboter mit

Einem Translationsgelenk 𝑑1
Zwei Rotationsgelenken 𝜃2, 𝜃3
Konfiguration 𝒒 = 𝑑1, 𝜃2, 𝜃3

Vorwärtskinematik (nur Position):

𝑓 𝒒 =

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2
𝑑1
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End-Effektor Geschwindigkeiten

Die Jacobi-Matrix setzt kartesische End-Effektor-Geschwindigkeiten in 
Relation zu Gelenkwinkelgeschwindigkeiten

 𝒙 𝑡 = 𝐽𝑓 𝜃 𝑡 ⋅  𝜃(𝑡)

Die folgenden Probleme können mit dieser Beziehung gelöst werden

1. Gegeben eine kartesische End-Effektor-Geschwindigkeit, welche 
Gelenkwinkelgeschwindigkeiten sind notwendig, um diese zu 
realisieren?

2. Gegeben die Gelenkwinkelgeschwindigkeiten, welche kartesische End-
Effektor-Geschwindigkeit wird damit realisiert? 
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Aufgabe 1: Inverse Kinematik

Vorwärtskinematik (nur Position):

𝑓 𝒒 =

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2
𝑑1

Inverse Kinematik
 𝒒 = 𝐽−1 𝒒 ⋅  𝒙

Teilaufgaben:

1.1: Bestimmen Sie die inverse Jacobi-Matrix 𝐽−1(𝒒).

1.2: Bestimmen Sie  𝒒 bei gegebenem 𝒒 und  𝒙.

1.3: In welchen Stellungen treten Singularitäten auf?
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝑓 𝒒 =
𝑥
𝑦
𝑧

=

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2
𝑑1

Jacobi-Matrix:
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝑓 𝒒 =
𝑥
𝑦
𝑧

=

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2
𝑑1

Jacobi-Matrix:

𝐽 𝒒 =
𝜕𝑓

𝜕𝑑1
,
𝜕𝑓

𝜕𝜃2
,
𝜕𝑓

𝜕𝜃3

𝜕𝑓

𝜕𝑑1
=
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝑓 𝒒 =
𝑥
𝑦
𝑧

=

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2
𝑑1

Jacobi-Matrix:

𝐽 𝒒 =
𝜕𝑓

𝜕𝑑1
,
𝜕𝑓

𝜕𝜃2
,
𝜕𝑓

𝜕𝜃3

𝜕𝑓

𝜕𝑑1
=

0
0

𝜕

𝜕𝑑1
𝑑1

=
0
0
1
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Aufgabe 1.1: Inverse Jacobi-Matrix

Ausdruck für 𝑥 vereinfachen

𝑥 = −500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)
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Aufgabe 1.1: Inverse Jacobi-Matrix

Ausdruck für 𝑥 vereinfachen

𝑥 = −500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

𝑥 = −500 ⋅ sin 𝜃2 ⋅ cos 𝜃3 + cos 𝜃2 ⋅ sin 𝜃3 − 500 ⋅ sin(𝜃2)
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Aufgabe 1.1: Inverse Jacobi-Matrix

Ausdruck für 𝑥 vereinfachen

𝑥 = −500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

𝑥 = −500 ⋅ sin 𝜃2 ⋅ cos 𝜃3 + cos 𝜃2 ⋅ sin 𝜃3 − 500 ⋅ sin(𝜃2)

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

Ausdruck für 𝑥 vereinfachen

𝑥 = −500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

𝑥 = −500 ⋅ sin 𝜃2 ⋅ cos 𝜃3 + cos 𝜃2 ⋅ sin 𝜃3 − 500 ⋅ sin(𝜃2)

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

Ausdruck für 𝑦 vereinfachen

y = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

Ausdruck für 𝑦 vereinfachen

y = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2

𝑦 = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

Ausdruck für 𝑦 vereinfachen

y = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 +100 + 500 ⋅ cos 𝜃2

𝑦 = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 −sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃2
=

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃2
=

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃2
=
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃2
= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃2
= −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃2
= 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃3
=

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃3
=

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃3
=
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃3
= −500 ⋅ cos(𝜃2 + 𝜃3)

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃3
= −500 ⋅ sin 𝜃2 + 𝜃3

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃3
= 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

Jacobi-Matrix:

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

Gesucht:

𝐽−1 𝒒 = ?
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Aufgabe 1.1: Inverse Jacobi-Matrix

Matrix:

𝐴 =

𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

Invertieren:

A−1 =
1

det 𝐴

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

Determinante (Regel von Sarrus):

det 𝐴 = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 +
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 − 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 − 0 − 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3
− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3
− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= −500 ⋅ −500 ⋅
cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− sin 𝜃2 + 𝜃3 + sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3
− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= −500 ⋅ −500 ⋅
cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− sin 𝜃2 + 𝜃3 + sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3
− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= −500 ⋅ −500 ⋅
cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− sin 𝜃2 + 𝜃3 + sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

= 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3
−sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3
−sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3
−sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

= 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3
−sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

= 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽



Übung 01  | 37

Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3
−sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

= 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

= 5002 ⋅ sin 𝜃3 cos2 𝜃2 + sin2 𝜃2

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3
−sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

= 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

= 5002 ⋅ sin 𝜃3 cos2 𝜃2 + sin2 𝜃2
= 5002 ⋅ sin 𝜃3 ⋅ 1

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3

𝐽 𝒒 −1 =
1

det 𝐽 𝒒

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3

𝐽 𝒒 −1 =
1

det 𝐽 𝒒

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
𝑐ℎ − 𝑏𝑖 = 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
𝑐ℎ − 𝑏𝑖 = 0
𝑐𝑑 − 𝑎𝑓 = 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
𝑐ℎ − 𝑏𝑖 = 0
𝑐𝑑 − 𝑎𝑓 = 0
𝑎𝑒 − 𝑏𝑑 = 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 =
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 −
−500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 −
−500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅ (cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − cos(𝜃2 +
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 −
−500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅
cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3
−cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 −
−500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅
cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3
−cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2

= 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 −
−500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅
cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3
−cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2

= 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 = 5002 ⋅ sin 𝜃3
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑓𝑔 − 𝑑𝑖 =
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑓𝑔 − 𝑑𝑖 = −500 ⋅ sin 𝜃2 + 𝜃3 − 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 𝑎𝑖 − 𝑐𝑔 0

𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑎𝑖 − 𝑐𝑔 =
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 𝑎𝑖 − 𝑐𝑔 0

𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑎𝑖 − 𝑐𝑔 = 0 − (−500 ⋅ cos 𝜃2 + 𝜃3 ⋅ 1)
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 𝑎𝑖 − 𝑐𝑔 0

𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑎𝑖 − 𝑐𝑔 = 0 − −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ 1 = 500 ⋅ cos 𝜃2 + 𝜃3
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1

=
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑑ℎ − 𝑒𝑔 =
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1

=
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑑ℎ − 𝑒𝑔 = 0 ⋅ 0 − −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ 1
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1

=
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑑ℎ − 𝑒𝑔 = 0 ⋅ 0 − −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ 1

= 500 ⋅ sin 𝜃2 + 𝜃3 + 500 ⋅ sin 𝜃2

= 500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1

=
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑔 − 𝑎ℎ =
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1

=
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑔 − 𝑎ℎ = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ 1 − 0 ⋅ 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

𝐽 𝒒 −1

=
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑔 − 𝑎ℎ = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ 1 − 0 ⋅ 0

= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 0
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Aufgabe 1.1: Inverse Jacobi-Matrix

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3
−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 0

𝐽 𝒒 −1 =

0 0 1

−
sin 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

0

sin 𝜃2 + 𝜃3 + sin 𝜃2
500 ⋅ sin 𝜃3

−cos 𝜃2 + 𝜃3 − cos 𝜃2
500 ⋅ sin 𝜃3

0
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

𝐽 𝒒 −1 =

0 0 1

−
sin 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

0

sin 𝜃2 + 𝜃3 + sin 𝜃2
500 ⋅ sin 𝜃3

−cos 𝜃2 + 𝜃3 − cos 𝜃2
500 ⋅ sin 𝜃3

0

Gegeben:

Zustand des Roboters 𝒒 = 𝑑1, 𝜃2, 𝜃3
𝑇 = 1, 0,

𝜋

2

𝑇

EEF-Geschwindigkeit  𝒑 = 1000, 0, 0 𝑇

Gesucht:

Gelenkwinkelgeschwindigkeit  𝒒, die die EEF-Geschwindigkeit  𝒑 erzeugt 
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

𝐽 𝒒 −1 =

0 0 1

−
sin 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

0

sin 𝜃2 + 𝜃3 + sin 𝜃2
500 ⋅ sin 𝜃3

−cos 𝜃2 + 𝜃3 − cos 𝜃2
500 ⋅ sin 𝜃3

0

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
sin 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3
500 ⋅ sin 𝜃3

0

sin 𝜃2 + 𝜃3 + sin 𝜃2
500 ⋅ sin 𝜃3

−cos 𝜃2 + 𝜃3 − cos 𝜃2
500 ⋅ sin 𝜃3

0
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
sin 0 +

𝜋
2

500 ⋅ sin
𝜋
2

cos 0 +
𝜋
2

500 ⋅ sin
𝜋
2

0

sin 0 +
𝜋
2

+ sin 0

500 ⋅ sin
𝜋
2

− cos 0 +
𝜋
2

− cos 0

500 ⋅ sin
𝜋
2

0
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
sin 0 +

𝜋
2

500 ⋅ sin
𝜋
2

cos 0 +
𝜋
2

500 ⋅ sin
𝜋
2

0

sin 0 +
𝜋
2

+ sin 0

500 ⋅ sin
𝜋
2

− cos 0 +
𝜋
2

− cos 0

500 ⋅ sin
𝜋
2

0

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
1

500⋅1

0

500⋅1
0

1+0

500⋅1

−0−1

500⋅1
0
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
sin 0 +

𝜋
2

500 ⋅ sin
𝜋
2

cos 0 +
𝜋
2

500 ⋅ sin
𝜋
2

0

sin 0 +
𝜋
2

+ sin 0

500 ⋅ sin
𝜋
2

− cos 0 +
𝜋
2

− cos 0

500 ⋅ sin
𝜋
2

0

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
1

500⋅1

0

500⋅1
0

1+0

500⋅1

−0−1

500⋅1
0

=

0 0 1

−
1

500
0 0

1

500
−

1

500
0
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

 𝒒 = 𝐽 𝒒 −1 ⋅  𝒑
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

 𝒒 = 𝐽 𝒒 −1 ⋅  𝒑

 𝒒 = 𝐽

1
0
𝜋

2

−1

⋅
1000
0
0
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

 𝒒 = 𝐽 𝒒 −1 ⋅  𝒑

 𝒒 = 𝐽

1
0
𝜋

2

−1

⋅
1000
0
0

 𝒒 =

0 0 1

−
1

500
0 0

1

500
−

1

500
0

⋅
1000
0
0
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Aufgabe 1.2: Gelenkwinkelgeschwindigkeit

 𝒒 = 𝐽 𝒒 −1 ⋅  𝒑

 𝒒 = 𝐽

1
0
𝜋

2

−1

⋅
1000
0
0

 𝒒 =

0 0 1

−
1

500
0 0

1

500
−

1

500
0

⋅
1000
0
0

=
0
−2
2
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Aufgabe 1.3: Singularitäten

Eine kinematische Kette ist in einer singulären Konfiguration, 
wenn die zugehörige Jacobi-Matrix nicht vollen Rang hat

Zwei oder mehr Spalten von 𝐽𝑓 sind linear abhängig

Die Jacobi-Matrix ist nicht invertierbar

Bestimmte Bewegungen unmöglich

In der Umgebung von Singularitäten 
können große Gelenkgeschwindigkeiten
nötig werden, um eine 
End-Effektor-Geschwindigkeit zu halten.
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Aufgabe 1.3: Singularitäten

Eine quadratische Matrix 𝐴 ∈ ℝ𝑛×𝑛 hat genau dann vollen Rang, 
wenn die Determinante ungleich Null ist:

rang𝐴 = 𝑛 ⇔ det 𝐴 ≠ 0

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0
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Aufgabe 1.3: Singularitäten

Eine quadratische Matrix 𝐴 ∈ ℝ𝑛×𝑛 hat genau dann vollen Rang, 
wenn die Determinante ungleich Null ist:

rang 𝐴 = 𝑛 ⇔ det 𝐴 ≠ 0

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3
1 0 0

det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3

Für Singularitäten 𝒒𝑠𝑖𝑛𝑔 der quadratischen Matrix 𝐽 𝒒 gilt: 

det 𝐽 𝒒𝑠𝑖𝑛𝑔 = 5002 ⋅ sin 𝜃3 = 0
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Aufgabe 1.3: Singularitäten

Für Singularitäten 𝒒𝑠𝑖𝑛𝑔 der quadratischen Matrix 𝐽 𝒒 gilt:

det 𝐽 𝒒𝑠𝑖𝑛𝑔 = 5002 ⋅ sin 𝜃3 = 0
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Aufgabe 1.3: Singularitäten

Für Singularitäten 𝒒𝑠𝑖𝑛𝑔 der quadratischen Matrix 𝐽 𝒒 gilt:

det 𝐽 𝒒𝑠𝑖𝑛𝑔 = 5002 ⋅ sin 𝜃3 = 0

sin 𝜃3 = 0

𝜃3 = 𝑛 ⋅ 𝜋, 𝑛 ∈ [0,1,2, … ]

𝜃3 = 0 ∨ 𝜃3 = 𝜋, 𝜃3 ∈ [0,2𝜋)

𝒒𝑠𝑖𝑛𝑔,1 =
𝑑1
𝜃2
0

, 𝒒𝑠𝑖𝑛𝑔,2 =
𝑑1
𝜃2
𝜋
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Aufgabe 2: Dynamikmodellierung nach Lagrange

Annahmen:

Punktmassen in der Mitte der Segmente

Reibung wird vernachlässigt

Konfiguration 𝒒 = 𝑑, 𝜃 𝑇
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Aufgabe 2: Dynamikmodellierung nach Lagrange

Position der Punktmassen:

𝑝1 = 𝑥1, 𝑦1 = (
1

2
𝑙1 + 𝑑, 0)

𝑝2 = 𝑥2, 𝑦2 = (𝑙1 + 𝑑 +
1

2
𝑙2 ⋅ cos 𝜃 , −

1

2
𝑙2 ⋅ sin 𝜃)
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Aufgabe 2: Dynamikmodellierung nach Lagrange

Konfiguration 
𝒒 = 𝑑, 𝜃 𝑇

Position der Punktmassen:

𝑝1 = 𝑥1, 𝑦1 = (
1

2
𝑙1 + 𝑑, 0)

𝑝2 = 𝑥2, 𝑦2 = (𝑙1 + 𝑑 +
1

2
𝑙2 ⋅ cos 𝜃 , −

1

2
𝑙2 ⋅ sin 𝜃)

Modellieren Sie die Dynamik des Robotersystems.

2.1: Kinetische Energie für jedes Gelenk bestimmen

2.2: Potentielle Energie für jedes Gelenk bestimmen

2.3: Lagrange-Funktion berechnen

2.4: Bewegungsgleichung aufstellen
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Lagrange-Funktion:

Bewegungsgleichung:

𝑞𝑖: i-te Komponente der generalisierten Koordinaten

𝜏𝑖: i-te Komponente der generalisierten Kräfte

Methode nach Lagrange (Wiederholung)

*

𝜏𝑖 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕  𝑞𝑖
−

𝜕𝐿

𝜕𝑞𝑖

𝐿(𝒒,  𝒒) = 𝐸𝑘𝑖𝑛(𝒒,  𝒒) − 𝐸𝑝𝑜𝑡(𝒒)
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Aufgabe 2.1: Kinetische Energie

Kinetische Energien für 𝑠1 und 𝑠2:

𝐸𝑘𝑖𝑛,1 =
1

2
𝑚1

 𝑑2

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2𝑣2

2 =
1

2
𝑚2  𝑥2

2 +  𝑦2
2

𝐸𝑘𝑖𝑛 =
1

2
𝑚𝑣2
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Aufgabe 2.1: Kinetische Energie

𝑝2 = 𝑥2, 𝑦2 = (𝑙1 + 𝑑 +
1

2
𝑙2 ⋅ cos 𝜃 , −

1

2
𝑙2 ⋅ sin 𝜃)
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Aufgabe 2.1: Kinetische Energie

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2  𝑥2

2 +  𝑦2
2 =
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Aufgabe 2.2: Potentielle Energie 𝐸𝑝𝑜𝑡 = 𝑚𝑔ℎ

Potentielle Energien für 𝑠1 und 𝑠2:

𝐸𝑝𝑜𝑡,1 = 𝑚1𝑔𝑦1 = 0

𝐸𝑝𝑜𝑡,2 = 𝑚2𝑔𝑦2 = −
1

2
𝑚2𝑔𝑙2sin(𝜃)
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Aufgabe 2.3: Lagrange-Funktion

𝐿(𝒒,  𝒒) = 𝐸𝑘𝑖𝑛(𝒒,  𝒒) − 𝐸𝑝𝑜𝑡(𝒒)

𝐿 = 𝐸𝑘𝑖𝑛,1 + 𝐸𝑘𝑖𝑛,2 − 𝐸𝑝𝑜𝑡,1 − 𝐸𝑝𝑜𝑡,2 =
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Aufgabe 2.3: Ableitungen der Lagrange-Funktion

𝐿 =
1

2
𝑚1 +𝑚2

 𝑑2 −
1

2
𝑚2𝑙2  𝑑  𝜃 sin 𝜃 +

1

8
𝑚2𝑙2

2  𝜃2 +
1

2
𝑚2𝑔𝑙2sin(𝜃)

𝜕𝐿

𝜕  𝑑
=

𝑑

𝑑𝑡

𝜕𝐿

𝜕  𝑑
=

𝜕𝐿

𝜕𝑑
=
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Aufgabe 2.3: Ableitungen der Lagrange-Funktion

𝐿 =
1

2
𝑚1 +𝑚2

 𝑑2 −
1

2
𝑚2𝑙2  𝑑  𝜃 sin 𝜃 +

1

8
𝑚2𝑙2

2  𝜃2 +
1

2
𝑚2𝑔𝑙2sin(𝜃)

𝜕𝐿

𝜕  𝜃
=
1

4
𝑚2𝑙2

2  𝜃 −
1

2
𝑚2𝑙2  𝑑sin(𝜃)

𝑑

𝑑𝑡

𝜕𝐿

𝜕  𝜃
=
1

4
𝑚2𝑙2

2  𝜃 −
1

2
𝑚2𝑙2(  𝑑 sin 𝜃 +  𝑑  𝜃 cos 𝜃 )

𝜕𝐿

𝜕𝜃
= −

1

2
𝑚2𝑙2  𝑑  𝜃 cos 𝜃 +

1

2
𝑚2𝑙2𝑔𝑐𝑜𝑠 𝜃
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Aufgabe 2.4: Bewegungsgleichung

𝜏𝑖 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕  𝑞𝑖
−

𝜕𝐿

𝜕𝑞𝑖

𝜏1 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕  𝑑
−
𝜕𝐿

𝜕𝑑
=
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Aufgabe 2.4: Bewegungsgleichung

𝜏𝑖 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕  𝑞𝑖
−

𝜕𝐿

𝜕𝑞𝑖

𝜏2 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕  𝜃
−
𝜕𝐿

𝜕𝑑

=
1

4
𝑚2𝑙2

2  𝜃 −
1

2
𝑚2𝑙2  𝑑 sin 𝜃 −

1

2
𝑚2𝑙2  𝑑  𝜃 cos 𝜃

−(−
1

2
𝑚2𝑙2  𝑑  𝜃 cos 𝜃 +

1

2
𝑚2𝑙2𝑔𝑐𝑜𝑠 𝜃 )

=
1

4
𝑚2𝑙2

2  𝜃 −
1

2
𝑚2𝑙2 sin 𝜃  𝑑 −

1

2
𝑚2𝑙2𝑔𝑐𝑜𝑠(𝜃)
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Aufgabe 2.4: Bewegungsgleichung

𝝉 = 𝑀 𝑞  𝒒 + 𝒄  𝒒, 𝒒 + 𝒈(𝒒)

𝜏 =
𝜏1
𝜏2

=
𝑚1 +𝑚2

 𝑑 −
1

2
𝑚2𝑙2(  𝜃 sin 𝜃 +  𝜃2cos(𝜃)

1

4
𝑚2𝑙2

2  𝜃 −
1

2
𝑚2𝑙2 sin 𝜃  𝑑 −

1

2
𝑚2𝑙2𝑔𝑐𝑜𝑠(𝜃)



Übung 01  | 93

Aufgabe 2.4: Bewegungsgleichung

𝝉 = 𝑀 𝒒  𝒒 + 𝒄  𝒒, 𝒒 + 𝒈(𝒒)

𝜏 =
𝜏1
𝜏2

=
𝑚1 +𝑚2

 𝑑 −
1

2
𝑚2𝑙2(  𝜃 sin 𝜃 +  𝜃2cos(𝜃)

1

4
𝑚2𝑙2

2  𝜃 −
1

2
𝑚2𝑙2 sin 𝜃  𝑑 −

1

2
𝑚2𝑙2𝑔𝑐𝑜𝑠(𝜃)
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Aufgabe 2.4: Bewegungsgleichung

𝝉 = 𝑀 𝒒  𝒒 + 𝒄  𝒒, 𝒒 + 𝒈(𝒒)

𝜏 =
𝜏1
𝜏2

=
𝑚1 +𝑚2

 𝑑 −
1

2
𝑚2𝑙2(  𝜃 sin 𝜃 +  𝜃2cos(𝜃)

1

4
𝑚2𝑙2

2  𝜃 −
1

2
𝑚2𝑙2 sin 𝜃  𝑑 −

1

2
𝑚2𝑙2𝑔𝑐𝑜𝑠(𝜃)

𝝉 =
𝑚1 +𝑚2 −

1

2
𝑚2𝑙2sin(𝜃)

−
1

2
𝑚2𝑙2sin(𝜃)

1

4
𝑚2𝑙2

2

 𝑑
 𝜃
+

1

2
𝑚2𝑙2  𝜃2cos(𝜃)

0

+
0

−
1

2
𝑚2𝑙2cos(𝜃)

Entspricht der allgemeinen Bewegungsgleichung:
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Matlab für die nächsten Übungen

Installationsanleitung für Studierende am KIT

https://www.scc.kit.edu/produkte/3841.php

Robotics Toolbox (Peter Corke)

http://petercorke.com/wordpress/toolboxes/robotics-
toolbox#Downloading_the_Toolbox

Die .mltbx Datei herunterladen

Aus dem Matlab-Filexplorer öffnen

Selber ausprobieren: Übungsblatt 1 in Matlab lösen

https://www.scc.kit.edu/produkte/3841.php
http://petercorke.com/wordpress/toolboxes/robotics-toolbox#Downloading_the_Toolbox

